A Riemann surface is said to be pseudo-real if it admits an antiholomorphic automorphism but not an antiholomorphic involution (also known as a symmetry). The importance of such surfaces comes from the fact that in the moduli space of compact Riemann surfaces of given genus, they represent the points with real moduli. Clearly, real surfaces have real moduli. However, as observed by Earle, the converse is not true. Moreover, it was shown by Seppälä that such surfaces are coverings of real surfaces. Here we prove that the latter may always be assumed to be purely imaginary. We also give a characterization of finite groups being groups of automorphisms of pseudo-real Riemann surfaces. Finally, we solve the minimal genus problem for the cyclic case.
1. Introduction. The moduli space M g of complex algebraic curves of genus g is a quasi-projective variety which can be defined in P n (C) by polynomials with rational coefficients. Consequently, complex conjugation σ in P n (C) induces an anti-holomorphic involution σ * : M g → M g which maps the class of a complex curve to its conjugate. The points fixed by such a mapping are called complex algebraic curves with real moduli. It is rather obvious that every real algebraic curve has real moduli, though in [4] Earle remarked that the converse is not true. Seppälä [8] showed that the non-real complex algebraic curves with real 2. Preliminaries. It is well known that the category of smooth, irreducible, projective, complex algebraic curves is equivalent to the category of compact Riemann surfaces and the fact that a complex algebraic curve C is real means that the corresponding Riemann surface X = X C admits an anti-holomorphic involution which we call a symmetry (where by anti-holomorphic automorphism we mean a homeomorphism whose local forms composed with the complex conjugation are holomorphic). Moreover, symmetries σ 1 , σ 2 , nonconjugate in the group Aut ± (X) of all automorphisms of X, give rise to the real forms C(σ 1 ), C(σ 2 ), which define real curves with isomorphic complexifications but which are not isomorphic over the reals. Finally, the fact that C has real moduli means that the corresponding surface X C admits an anti-holomorphic automorphism. If in addition X C does not admit a symmetry, it shall be called a pseudo-real Riemann surface, following the paper [3] mentioned above.
We shall study our surfaces and their automorphism groups by means of Fuchsian and non-euclidean crystallographic groups (NEC groups for short). The latter are discrete subgroups of the group G of isometries of the hyperbolic plane H with compact orbit spaces. An NEC group is called, respectively, a Fuchsian group or a proper NEC group according to whether it is contained in the subgroup G + of orientation preserving isometries or not. In [7, 9] , Macbeath and Wilkie associated to every NEC group Λ a signature of the form (g; ±; [m 1 , . . . , m r ]; {(n 11 , . . . , n 1s1 ), . . . , (n k1 , . . . , n ks k )}),
which determines the algebraic presentation of Λ. The numbers m i ≥ 2 are called the proper periods, the brackets (n i1 , . . . , n isi ) are the period cycles, the numbers n ij ≥ 2 are the link periods and g ≥ 0 is said to be the orbit genus of Λ. 
. . , g, if the sign is −, and the following relations:
The elements x i are elliptic and represent hyperbolic rotations. The c ij are reflections and c i,j−1 , c i,j are said to be consecutive. The a i , b i are hyperbolic translations, the d i are glide reflections and the e i are hyperbolic translations, except for a few special cases when they are elliptic. Every system of generators of an NEC group, satisfying the above relations, will be called a canonical system of generators and, by abuse of language, its elements will be called canonical generators. It is well known that an arbitrary orientation preserving isometry of Λ of finite order is either conjugate to a power of a canonical elliptic generator or to a power of the product of two consecutive canonical reflections. Finally each reflection of Λ is conjugate to a canonical one.
The hyperbolic area of any fundamental region of the group Λ, say with the signature (1), depends only on the signature of the group and is given by
where ε = 2 if the sign is + and ε = 1 otherwise. It is known that an abstract group with the presentation given by the generators (a)-(d) and the relations (i)-(iv) can be realized as an NEC group with the signature (1), if and only if the right hand side of the above expression is positive. Finally, if Γ is a finite index subgroup of an NEC group Λ, then it is an NEC group itself and we have the following formula for the index
known as the Hurwitz-Riemann formula. Now, by the Riemann uniformization theorem, a compact Riemann surface of genus g ≥ 2 can be represented as the orbit space H/Γ for some Fuchsian surface group Γ with signature (g; −). Furthermore, a finite group G is a group of automorphisms of a surface given in such a way if it can be represented as the factor group Λ/Γ, where Λ is a proper NEC or Fuchsian group according to whether G contains anti-holomorphic automorphisms or not. A symmetry of a Riemann surface X is an anti-holomorphic involution σ of X, which in terms of NEC groups means that σ = Λ/Γ for some proper NEC group Λ.
3. On groups of automorphisms of pseudo-real Riemann surfaces. First we observe that we have the following generalization of Seppälä's result from [8] , where by a purely imaginary real form we mean a real form which has no R-rational points. 
Remark 3.2.
If, in the configuration from the above proof, Λ is a subgroup of an NEC group Λ containing a reflection, then there is another construction for a covering of a real curve. Namely, Δ = cΓc, Γ is a Fuchsian surface group being a subgroup of Λ generated by translations and c normalizes Δ. Thus, Y = H/Δ is a Riemann surface having a symmetry with fixed points, say represented by cΔ, and unbranched covering X → Y . Note that this covering neither has to be cyclic nor of degree being a power of 2.
An action on a pseudo-real Riemann surface admitting an antiholomorphic automorphism is said to be essential. For such actions we have
Theorem 3.3. A finite group G acts as an essential group of automorphisms of a pseudo-real Riemann surface X if and only if it is a non-splitting extension of a group of even order by the cyclic group of order 2. Furthermore a surface X can be chosen to have G as the full group of automorphisms.
Proof. Let X be a non-symmetric Riemann surface and let G be a group of automorphisms of X containing an orientation reversing element ϕ. The subgroup G + = Aut + (X) ∩ G of G consisting of orientation preserving elements, is a subgroup of index 2 and, since X has no symmetries, G is a non-splitting extension of G + by Z 2 . Finally, observe that G + has even order. Indeed, otherwise ϕ would be an element of order 2n for some odd n and so ϕ n would be a symmetry, contrary to our assumption.
Conversely, let α : G → Z 2 be a non-splitting epimorphism, let H be its kernel with h 1 , . . . , h r being an arbitrary system of generators for H, say of orders m 1 , . . . , m r , and let d be an element of G \ H. We can assume that [5] , and let θ : Λ → G be an epimorphism defined by θ(
Then, since α is non-splitting, X = H/Γ for Γ = ker θ is a non-symmetric Riemann surface with real moduli, having G as an essential group of automorphisms. If m r+1 = 1 then, again by [5] , there exists a maximal NEC group Λ with the signature
Again, as α is non-splitting, X = H/Γ for Γ = ker θ is a nonsymmetric Riemann surface with real moduli, having G as an essential group of automorphisms.
Some technical results concerning NEC groups.
In this section we shall prove three technical lemmas concerning essential actions on pseudo-real Riemann surfaces. The first one can be seen as a generalization of the Proposition 5.2 from [3] . Proof. Let X = H/Γ for Γ = ker θ. Observe first that H = θ(Λ + ) is an index 2 subgroup of G else ker θ would contain an orientation reversing isometry and so X would be non-orientable. Furthermore, the embedding H ≤ G is nonsplitting since an element of order 2 in G \ H would represent a symmetry of X. Now, since θ preserves the orders of elliptic elements, the images under θ of x 1 and x 2 = (d
−1 are elements of orders k and l. As Γ is a Fuchsian group, d = θ(d 1 ) ∈ H and so for the necessity it is sufficient to show that for
does not induce an automorphism of G. To see this, first observe that by [1, 5] , there is an NEC group Λ , with the unique signature (0; +; [2] ; {(k, l)}), containing Λ as a subgroup of index 2. After reductions, Λ has the presentation
Now, we shall find how the elements of a canonical system of generators for Λ can be expressed by those for Λ . For, let η : Λ → Λ /Λ = Z 2 = a be the canonical projection. Then η(c i ) = a since Λ has no reflections. Now x 1 and e 1 are the only orientation preserving canonical generators of Λ and θ(x 1 ) = θ(e 1 ). So since Λ contains a glide reflection, θ(x 1 ) = a and therefore
are elements of Λ. But below, in (3), we shall show that they generate a normal subgroup K of Λ . Furthermore Λ /K = Z 2 and finally it is easy to check that they satisfy canonical relations for Λ. So Λ = K and therefore the above elements can be chosen for a system of canonical generators of Λ. Now for the action of Λ on Λ, we have:
and so Γ is a normal subgroup of Λ if and only if
induces an automorphism of G. So the assertion follows, since in the last case Aut ± (X) = Λ /Γ and so X has a symmetry, represented for example by c 0 Γ, which contradicts our assumption on X.
Conversely, for an NEC group Λ with signature (1; −; [k, l]; {−}) and (G, H) being the pair in question, the mapping θ(
induces an epimorphism θ : Λ → G, defining an essential action of G on the Riemann surface X = H/Γ, where Γ = ker θ. Now G is the full group of automorphisms, since otherwise Γ would be a normal subgroup of an NEC group Λ with signature (0; +; [2] ; {(k, l)}) and so, by the previous part of the proof, the mapping
would define an automorphism of G, contrary to our assumption. Finally, since G is a non-splitting extension of H, G contains no symmetries and, consequently, X is pseudo-real.
The last part of the lemma follows from the fact that the signature of Λ containing Λ is unique and we have shown that Γ is normal in Λ just if and only if the corresponding surface X = H/Γ is not pseudo-real. 
if and only if G is a non-splitting extension of its subgroup H of index 2, G is generated by two elements x, d such that x and d 2 x have order k, d ∈ H and neither the map
x → x −1 , d → d −1 nor x → x −1 d −2 , d → d induces an automorphism of G.
Furthermore such a group G is necessarily the full group of automorphisms of a pseudo-real Riemann surface on which it acts.
Proof. Let X = H/Γ for Γ = ker θ. As in the previous lemma, H = θ(Λ + ) is a subgroup of index 2 and the embedding H ≤ G is non-splitting. Now, since θ preserves the orders of elliptic elements, the images of x 2 and x 1 = (x 2 d after obvious reductions, it has presentation
As in the previous lemma we can argue that
can be chosen as a canonical system of generators for Λ. Furthermore,
and so Γ is a normal subgroup of Λ if and only if for
induces an automorphism of G. But the last is equivalent that the map
induces an automorphism of G also and hence the assertion follows, since the latter is equivalent to Λ /Γ ⊆ Aut ± (X), which in turn means that X has a symmetry, represented for example by c 0 Γ, contrary to our assumption on X.
Conversely [2, k] ; {(−)}), which in turn contains Λ. Therefore G is the full group of automorphisms of X, being a pseudo-real Riemann surface, and the proof is complete. Proof. Let, as before, X = H/Γ for Γ = ker θ and observe that H = θ(Λ + ) is a subgroup of index 2, with the embedding H ≤ G being non-splitting. Moreover, the image of a canonical elliptic element of Λ under θ is an element of order k, as ker θ is torsion free. Now, since Γ is a Fuchsian group, x = θ(d 1 in question does not induce an automorphism of G. To see this, first observe that, by [1, 5] , there is an NEC group Λ with the signature (0; +; [2, 2] ; {(k)}), containing Λ as a subgroup of index 2, and this signature is unique. Now, after reductions, Λ has the presentation
Lemma 4.3. Let Λ be an NEC group with signature (2; −; [k]; {−}). Then there is an epimorphism θ : Λ → G onto a finite group G, defining an essential action of G on a pseudo-real Riemann surface, if and only if G is a non-splitting extension of its subgroup H of index 2, G is generated by two elements
and as in Lemma 4.1 we argue that
can be chosen as a canonical system of generators of Λ. Furthermore, for the action of Λ on Λ, we have:
and so Γ is a normal subgroup of Λ if and only if the map
induces an automorphism of G. So our assertion follows, since in the last case Aut ± (X) = Λ /Γ and X has a symmetry represented, for example, by c 0 Γ. Conversely, given an NEC group Λ with the signature (2; −; [k]; {−}) and the couple (G, H) in question, the mapping θ(
induces an epimorphism θ : Λ → G, defining a Riemann surface with G as an essential group of its automorphisms. As in Lemmas 4.1 and 4.2 we argue that X is pseudo-real and in such case G = Aut(X).
5. Some elementary number theory. Theorem 3.3 shows that a cyclic group is an essential group of automorphisms of a pseudo-real Riemann surface if and only if it has order 4N . In the next section we shall find the minimal genus of a pseudo-real Riemann surface for such an action. To do this, we shall need the following lemma from elementary number theory. 
Moreover such a pair exists for p = 2 m , if and only if N = 2 s n with n odd, s ≥ 3 and 2 ≤ m ≤ s.
Proof. Let p be an odd prime and suppose N = pn. We put
where k ∈ {1, 2, . . . , p − 1} and 2kn ≡ 1 (mod p). Then obviously, x, y ∈ G − a 2 , G = x = x, y and x 2 y 2 = (a 4kn ) 2 has order p.
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Now, suppose that α is an automorphism of G such that α( 
This means
which in turn is equivalent to
If m = 1, then this congruence holds true and hence a pair x, y of elements satisfying all three conditions does not exist. The same happens when s = m = 2. If s > m ≥ 2 then this congruence does not hold which means that the elements x and y satisfy all three conditions. If s = m > 2 then we can find k such that kn ≡ −1 (mod 2 m ) which gives
Hence, again, for such a k the elements x, y satisfy our conditions.
Remark 5.2.
A cyclic group G of order 2 t , where 2 ≤ t ≤ 4, does not contain elements x, y satisfying the three conditions of the above Lemma for any p > 1.
Minimal genus problem.
To finish, we state and prove the principal result of the paper concerning the minimal genus problem for cyclic groups of automorphisms of pseudo-real Riemann surfaces. We already know, from Theorem 3.3, that such a group has order 4N . 
Consider first the signature (5) and observe that the images, under θ, of the canonical elliptic generators of Λ cannot generate G since in such case d 1 ω(x 1 , x 2 , x 3 ) would belong to Γ = ker θ for some word ω and so Γ would be a proper NEC group, contrary to the assumption that it uniformizes a Riemann surface. So, since x 1 x 2 x 3 d 2 1 = 1, the images of x 1 , x 2 , x 3 generate the subgroup of order 2N . Therefore one of the periods is divisible by p and one of them is divisible by 4 when N is even but not a power of 2. If N is a power of 2 then one of the periods is divisible by 2N . Finally if N is odd then a priori the minimal area for Λ we obtain when it has signature (1; −; [2, 2, p] ; {−}). However, here d
would have order 2p and therefore θ would not be an epimorphism.
We shall now show that the smaller, than above, area and hence smaller genus, can be achieved for the signature (6). obtained here are smaller than the ones which can be obtained from the group with signature (5), considered in the previous paragraph. The cyclic groups of order 4N for N = 1, 2, 4 must be considered separately as by Lemma 4.3 and Remark 5.2 the signature (6) does not provide an action of Z 4N on a pseudo-real Riemann surface in each of these cases. Thus we have to consider an NEC group Λ with signature (5). As before, the images of x 1 , x 2 , x 3 generate the group of order 2N and so the image of some x i must be an element of order 2N , which means that m i = 2N for some i. Therefore, the signature (5) with m 1 = m 2 = 2, m 3 = 2N , is the signature of an NEC group with the smallest possible area in this case. Now, by [1, 5] Remark 6.3. In [6] , Etayo found the minimal genus for orientable Riemann surfaces which admit an orientation reversing automorphism of given order. His article however, does not solve the minimal genus problem for cyclic groups of automorphisms of pseudo-real Riemann surfaces since, in most cases, cyclic groups of automorphisms are not the full groups of automorphisms and Etayo's surfaces admit symmetries, i.e., they are not pseudo-real. The reader can check that indeed the values in our Theorem 6.1 are greater than the ones given in Theorem 5 of [6] .
